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ABSTRACT. Inspired by the propagation of seismic waves, we introduce
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FIG. 1. Simplified model of the Earth.
2. WHAT Is THE HYPERBOLIC METRIC ?
(Hyperbolic Metric)
$D$ : $<1$ $D$ 2 $z,$ $w$




$z,$ $w\in L(\alpha, \beta)$ $\rho(z, w)$
$\rho(z, w)=|\log(\alpha, z, w, \beta)|$
$(\alpha, z, w, \beta)$ (cross ratio)
$\frac{w-\alpha}{w-\beta}/\frac{z-\alpha}{z-\beta}$ .
(4 $\alpha,$ $z,$ $w,$ $\beta$ 1 )
$L(\alpha, \beta)$ $L(-1, +1)$
4 $\alpha,$ $z,$ $w,$ $\beta$ $-1<r_{1}<r_{2}<+1$
$\rho(z, w)$
$(*)$ $\rho(r_{1}, r_{2})=|\log(-1, r_{1}, r_{2}, +1)|=\log\frac{1+r_{2}}{1-r_{2}}-\log\frac{1+r_{1}}{1-r_{1}}$.
$z$ $w$ $S$ $\rho(z, w)arrow\infty$
$S$ $S$ 2
$D$ $\rho(z, w)$ $z_{0}$ ,
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topology $\tau_{\rho}$ on the closed disc $X=\overline{D}$
$x\in S$ $0<s\leq 1$ $x$ $S$ (
) $s$ $x$
$V(x;s)=\{x\}\cup B_{d}((1-s/2)x;s/2)$
horoball at $x$ of size $s$ $x$ $s$
horoballs $D$
$\tau_{\rho}$ Hyperbolic Tangent $Disc$ topology









$C_{t_{1}}\backslash \{x\}$ $C_{t_{2}}\backslash \{x\}$ $\rho(1-t_{1},1-t_{2})$ $t_{1},$ $t_{2}$
( Lemma 1 ) $x$
$s$ Body wave $C_{t}(0<t<s)$ $V(x;s)$








$J$ $g$ $V(g)$ $D$





$(X, \tau)$ $\sigma$-closure preserving open base
regular space stratifiable ( $M_{3}$ space)
$\tau$ “adjunction space”
tangent disc topology $(X, \tau_{\rho})$ $X_{0}=D\cup S0$
$S_{0}$ discrete topology $S$
$\varphi$
$S_{0}$ $S$ identity
map $x_{0}$ discrete closed subspace $S0$ $S$
1-1 Adjunction space $X_{0} \bigcup_{\varphi}S$
$(X, \tau)$ Adjunction space
$Y,$ $Z$ $P$
adjunction space $Y\bigcup_{h}Z$ $P$
$P$ ”normal,” “monotonically normal,” “stratifiable“
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Lemma 1. $x\in S,$ $0<s\leq 1$ $V(x;s)$
1/3 $V(x;3^{-1}s)$ 1 :
$\rho(V(x;3^{-1}s)\backslash \{x\}, D\backslash V(x;s))>\log_{e}3=1.098\cdots>1$
Proof. $x=1$ $V(x;3^{-1}s)$ $D\backslash V(x;s)$
$r_{1}=1-s$ $r_{2}=1-3^{-1_{S}}$ $\rho(r_{1}, r_{2})$
Section 2 $(*)$
$\rho(r_{1},r_{2})=\log\frac{1+r_{2}}{1+r_{1}}+\log\frac{1-r_{1}}{1-r_{2}}$
$r_{2}>r_{1}$ 1 2 log3
Open set $V(g)$ $V(3^{-1}g)$ $V(x;3^{-1}g(x))$ for $x\in J$
Lemma 1 $V(x;3^{-1}g(x))$ $D\backslash V(g)$ 1
Lemma 2. $V(3^{-1}g)$ $D\backslash V(g)$ 1
$\tau$ closure $cl_{\tau}$ $cl_{\tau}V(g)$
$[J]$ $J$ closed arc $cl_{\rho}(V(g)\backslash J)$




Proof. $E$ $E$ $toP^{o1\circ}\mathscr{X}\tau$ closed
Euclidean metric $d$
closed $X\backslash E$ $z$ $z$ $D$
$D\backslash cl_{\rho}(V(g)\backslash J)$ $E$
$\rho$-open ( d-
open) neighborhood of $z$ $z\in S\backslash [J]$
1 $V(x;1)$ $\overline{V}(x;1)$
$F=\cup\{\overline{V}(x;1):x\in[J]\}$ $V(g)$ $z$
Euclidean closed set $X\backslash F$ $E$ d-open
neighborhood of $z$
Property 1. Topology $\tau$ regular
Proof. $S$ $x$ regularity
$x\in V(g)$ , $g$ : $Jarrow(O, 1]$ Open arc $K=c^{\wedge}d$ $x\in K\subset[K]=$
$K\cup\{c, d\}\subset J$ $g$ $K$ $h$
Lemma 3
$x\in V(3^{-1}h)\subseteq cl_{\tau}V(3^{-1}h)=[K]\cup cl_{\rho}(V(3^{-1}h)\backslash K)$




$(X, \tau)$ ( $S$ compact ) compact sets
regular Lindel\"of paracompact
$(X, \tau)$ $\sigma$-closure preserving open base




$V(x;s)^{\mathcal{B}}=\{x\}\cup(V(x;s)\backslash \{x\})^{B}$ , $V(g)^{B}=$
$J\cup(V(g)\backslash J)^{B}$ Lemma 1 Lemma 2
$V(x;3^{-1}s)\subseteq V(x;3^{-1}s)^{B}\subseteq V(x;s)$ ; $V(3^{-1}g)\subseteq V(3^{-1}g)^{B}\subseteq V(g)$
$V(g)$ open sets collection
$S$ neighborhood base $V(g)^{\mathcal{B}}$
collection neighborhood base
collection of sets closure preserving sub-
collection closure of the union union of the closures
$S$ open arc $J$ $g$ $J$
$(0,1/3]$ $V(g)^{B}$
open sets $V^{B}(J)$
Lemma 4. $V^{B}(J)$ closure preserving in $(X, \tau)$
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Proof. $\mathcal{G}$ $g$ : $Jarrow(O, 1/3]$ collection
$cl_{\tau}( \bigcup_{g\in \mathcal{G}}V(g)^{\mathcal{B}})$ $\bigcup_{g\in \mathcal{G}}cl_{\tau}(V(g)^{B})$
$g\in \mathcal{G}$ , $x\in J$ $V(x;g(x))^{B}\subseteq V(x;3g(x))\subseteq V(x;1)$
Lemma 3 Euclidean closed set $F=\cup\{\overline{V}(x;1) : x\in[J]\}$
$V(g)^{B}\subseteq F$ $\bigcup_{g\in \mathcal{G}}V(g)^{B}\subseteq F$ Lemma 3
$cl_{\tau}(V(g)^{B})=[J]\cup cl_{\rho}(V(g)^{\mathcal{B}}\backslash J)$
$cl_{\tau}( \bigcup_{g\in \mathcal{G}}V(g)^{B})=[J]\cup cl_{\rho}(\bigcup_{g\in \mathcal{G}}V(g)^{B}\backslash J)$
$\{V(g)^{B}\backslash J :g\in \mathcal{G}\}$ closure preserving in
$(D, \rho)$ $V(g)^{\mathcal{B}}\backslash J$ $D$
locaJly finite cover $\mathcal{B}$
Open arcs $J_{i}(i\in\omega)$ $S$ open base
$\bigcup_{i\in\omega}\mathcal{V}^{B}(J_{i})$ neighborhood base for points at $S$
Lemma 4 $\sigma$-closure preserving $(D, \rho)$
countable open base
Theorem 1. $(X, \tau)$ $\sigma$-closure preserving open base
stratifiable
Generalized metric spaces stratifiable (or $M_{3}$ ) spaces
stratifiable space
subspace stratifiable stratifiable space closed map
stratifiable $(X, \tau)$ subspace




$(X, \tau)$ metric space closed image
$Y$ $y$ y $\in$ cl $A$ subset $A$
$A$ convergent sequence $a_{n}$ $a_{n}arrow y$
$Y$ $y$ Fre’chet $Y$ metric space
closed image $y$ N\’echet
$(X, \tau)$ metric space closed
image
Property 2. $(X, \tau)$ $S$ Fre’chet
first countable
Proof. $S$ $x_{0}$ $\overline{V}(x_{0};1)$ Lemma 3
$A=D\backslash \overline{V}(x_{0};1)$
44
$x_{0}\in S\subset cl_{\tau}A$ $x_{0}$ ( $\tau$ )
$C=\{a_{n}:n\in\omega\}$ $A$
$\tau$ $C\cup\{x_{0}\}$ compact
$x_{0}$ open arc $J$
$x_{0}$ $J$ $x$ $C\cup\{x_{0}\}$ $V(x;s_{x})$
0 $g$ : $Jarrow(O, 1]$ $g(xo)=1$ and $g(x)=s_{x}$ for
$x\in J\backslash \{x_{0}\}$ $x_{0}$ $\tau$ $V(g)$ $C$
6. SHAPE OF NEIGHBORHOODS AT THE BOUNDARY.
$S$
$\tau_{d}$ $c\in(0,1]$ $h_{c}$ : $Jarrow(O, 1]$
$V(h_{c})$
$\tau_{d}$
$V\in\tau$ $V\cap S$ 2 : $x\in V\cap S$
$x\in U\subset V$ $U\in\tau_{d}$ $x$
Euclidean point of $V$ $x\in V\cap S$ non-Euclidean
points of $V$ $V$ Euclidean points $Ec(V)$
non-Euclidean points $Nec(V)$ :
$V\cap S=Ec(V)\cup$ $c(V)$
(“Non-Euclidean” $Nec$”
“Neck“ !Neck Ec !?)
$Ec(V)$ $V\cap S$ open set open dense set
$Nec(V)$ nowhere dense closed set in $V\cap S$
$Ec(V(g))$
Property 3. $Ec(V(g))$ open dense subset in $J=$ dom$(g)$
Proof. $G_{n}=g^{-1}((1/n, 1])$ $J$ $G_{n}(n\geq 2)$
Baire Category theorem $m$ $clG_{m}$ $J$ non-
empty interior proper open arc $I\subset J$ $I\cap G_{m}$ dense
in $I$ $G_{m}$ $x\in I\cap G_{m}$
$1/m$ $V(x;1/m)$ $V(x;g(x))\subseteq V(g)$
$I\cap G_{m}$ dense in $I$ $I\cup\cup\{V(x;1/m): x\in I\cap G_{m}\}$
$1/m$ $h$ : $Iarrow(O, 1]$ V( )
$V($ $)\in\tau_{d}$ $I$ Euclidean points
$g$ $J$ subarc
Property 3 $\square$
$V(g)$ non-Euclidean points $Nec(V(g))$ dom$(g)$
nowhere dense closed set countable set
$S$ $a$ $h_{a}$ : $Sarrow[0,1]$
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$h_{a}(x)=(1-\cos\theta)/2$ where $\theta=$ the arc length of $a^{\wedge}x$
$\pi$ $S$ open arc $J=a^{\wedge}b$
$h_{J}$ : $Jarrow(O, 1]$ $h_{a}\wedge h_{b}$
$h_{J}(x)={\rm Min}\{h_{a}(x), h_{b}(x)\}$
open arc $J$
$h_{J}$ the ceilirig function on $J$
$h$ union of disjoint open arcs open arc ceiling
function $h$ ceiling function
Lemma 5. $V(h_{J})$ $V(a;1)\cup V(b;1)$






$S_{a,b}$ $D$ $O$ arc $J=a^{\wedge}b$
$aAb=S_{a,b}\backslash (V(a;1)\cup V(b;1)\cup V(h_{J}))$
(arbelos) $aAb$ a, $b$
$(_{a}A_{b}$ !) $aAb$
$\tau$ closed $\tau_{d}$ $a,$ $b$
Example 1. $J=a^{\wedge}b$ $\pi$ $S$ open arc $C$
$J$ homeomorph of the Cantor set $J$
open dense subset $J\backslash C$ disjoint union of open arcs
$\bigcup_{n\in\omega}J_{n},$ $J_{n}=a_{\hat{n}}b_{n}$ $h:Jarrow(O, 1]$ $C$
1 $J\backslash C$ ceiling ffinction $h=h_{J_{n}}$ on eadl
V( ) $V_{C}= \bigcup_{y\in C}V(y;1)$
$\{a_{n}, b_{n}|n\in\omega\}$ dense in $C$
$V_{C}=C \cup\bigcup_{n\in\omega}(V(a_{n};1)\cup V(b_{n};1))$




V( ) $a_{n}Ab_{n}$ $a_{n},$ $b_{n}$
$V(h)$ non-Euclidean points $\{a_{n}, b_{n}|n\in\omega\}$
dense in $C$ $C$ non-Euclidean points
$J\backslash C$ Euclidean points $Nec(V(h))=C$




$V_{1}\cap Nec(V_{2})\subset Nec(V_{1})$ Example 1
Property 4. $S$ $x_{0}$ $\tau$ $V(x_{0})$
non-Euclidean points
Proof. $x_{0}\in C\subset J\subset S$ Cantor set $C$ open arc $J$
$J$ $\pi$ Example 1
$V(h),$ $h:Jarrow(0,1]$ $C=Nec(V(h))$
$x_{0}$ V( ) $W\in \mathcal{V}(x_{0})$ $W\cap C=$
$W\cap Nec(V(h))\subset Nec(W)$ $W\cap C$ $W$
Property 5. $V\in\tau$ non-Euclidean points
$V$ $l$ :
$l\cap S$ proper closed arc $l$ $D\backslash V$
$V$ simply connected
Proof. $V$ non-Euclidean points $V\cap S$
disjoint open arcs 1 open arc $J$
non-Euclidean points
non-Euclidean points $J$ closed set
$C\subset J\subset V(g)\subset V,$ $g:Jarrow(0,1]$ $C$ Cantor
set $C$ $V$ non-Euclidean points
$J \backslash C=\bigcup_{n\in\omega}a_{n}^{\wedge}b_{n}$ , $C_{*}=C\backslash \{a_{n}, b_{n}:n\in\omega\}$ $C_{*}$
$C$ inner $points$ inner point $x\in C_{*}$
$V(x;g(x))$ $C_{*}$
2 $x_{1},$ $x_{2}\in C_{*}$ $V(x_{1};g(x_{1}))\cap$
$V(x_{2};g(x_{2}))\neq\emptyset$ $B_{i}=V(x_{i};g(x_{i}))(i=1,2)$
$B_{1},$ $B_{2}$ $z_{1},$ $z_{2}$ $B_{1}\cup B_{2}$
arc $\overline{z_{1^{Z}2}}$ arc $\overline{x_{1^{Z}1}}$ ( $B_{1}$ ), $\overline{x_{2^{Z}2}}$ ( $B_{2}$ )
$S$ arc $x_{1}^{\wedge}x_{2}$ $l$
$l$ $D$ $V$
open arc $x_{1}^{\wedge}x_{2}$ $V$ Euclidean point












$g:Jarrow(0,1]$ $x\in J=$ dom$(g)$
$D\langle g\rangle$ $g$ discontinuous $pa$
$D\langle g\rangle$ closed set $D\langle g\rangle$
$V(g)$ non-Euclidean point $(g$
$V(g)$ Euclidean point ) $V(g)$ non-Euclidean points
$D\langle g\rangle$
$Nec(V(g))\subset D\{g\rangle$
$g$ : $Jarrow(O, 1]$
$(*)$ $g$ continuous on some open dense subset $U$ of $J$
$U$ $g\leq h_{U}$
$U$ disjoint open arcs $\bigcup_{n\in\omega}J_{n}$ open arc
$J_{n}$ continuous ceiling function $h_{J_{n}}$
$U$ $g$ depend $J$
$(*)$ $g$ $G(J;*)$ $J$
$G(*)$
Property 6. $g\in G(*)$ $Nec(V(g))=D\{g\}$
Proof. $F=J\backslash U$ Example 1 $F\subset$
$Nec(V(g))$ $F\subset Nec(V(g))\subset D\langle g\rangle$
$g$ $U$ continuous $D\langle g\rangle\cap U=\emptyset$
$D\langle g)\subset F$
Property 7. (1) $f$ : $Jarrow(O, 1]$ $V(g)\subset V(f)$
$g\in G(J;*)$ $Nec(V(g))=Nec(V(f))$
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( $g\leq f$ )
(2) $g_{1},g_{2}\in G(J;*)$ $g_{1}\wedge g_{2}(x)={\rm Min}\{g_{1}(x), g_{2}(x)\}$
$g_{1}\wedge g_{2}\in G(J;*)$ $V(g_{1}\wedge g_{2})\subset V(g_{1})\cap V(g_{2})$
Proof. (1) $Ec(V(f))$ disjoint union of open arcs
$U= \bigcup_{n\in\omega}J_{n}$ $f$ $f_{n}$ $V(f_{n})$ $J_{n}$
Euclidean open set $J_{n}\subset V(g_{n})\subset V(f_{n})$
continuous function $g_{n}\leq h_{J_{n}}$ ( $f_{n}$ continuous
$g_{n}\leq f_{n}$ ) $g$
$g_{n}$ $U$ $f$
(2) $g_{i}(i=1,2)$ open dense set in $(*)$ $U_{i}(i=1,2)$
$g_{1}\wedge g_{2}$ open dense set $U_{1}\cap U_{2}$ $g_{i}(i=1,2)$
ceiling ffinction $h_{i}(i=1,2)$ $g_{1}\wedge g_{2}$ ceiling
function $h_{1}\wedge h_{2}$ on $U_{1}\cap U_{2}$
$G(*)$ neighborhoods $\{V(g) :g\in G(*)\}$ $S$
$\tau$ neighborhood base
$D\langle g\rangle=Nec(V(g))$ $D\{g\rangle$ closed set in dom$(g)$
$G(*)$
$(\star)$ $D\langle g\}$ countable
$g$ G(ctbl) ( count-
able countably infinite ) $J=$ dom$(g)$
$G$ ( $J$ ; ctbl) $(\star)$ $g$ $G(*)$
Property 6 $(\star)$
$D\{g\rangle$ countable closed in dom$(g)$
$g\in G$(ctbl) $V(g)$ $D$
$\tau$ (ctbl) $\tau$
$g_{1},$ $g_{2}\in G$ ( $J$ ; ctbl) $D\{g_{1}\wedge g_{2}\rangle\subseteq$
$D\langle g_{1}\}\cup D\langle g_{2}\rangle$ $D\{g_{1}\wedge g_{2}\rangle$ countable set Property 7 (2)
$g_{1}\wedge g_{2}\in G$( $J$ ; ctbl) G(ctbl)
neighborhoods { $V(g)$ : $g\in$ G(ctbl)} $S$ $\tau(ctbl)$
neighborhood base $g\in$ G(ctbl), $t\in(0,1]$
$D\langle t\cdot g\}=D\langle g\}$ $t\cdot g\in G$(ctbl) $G$ (ctbl)
Section 4
($X,$ $\tau$ (ctbl)) regular and stratifiable
$g\in G$(ctbl) $D\{g\}$ countable
$\{c_{n} :n\in\omega\}$ induction
$V(c_{n};s_{n})(n\in\omega)$ $0<s_{n}\leq g(c_{n})$
$s_{n}$ $D\langle g\rangle$ $g$ $\overline{g}$
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$\tilde{g}\in G$(ctbl) $J=$ dom$(g),$ $J\backslash D\{g\rangle=$
$\bigcup_{i\in\omega}J_{i}$ neighborhood $V(\gamma g$ $V(c_{\eta};s_{n})$ Eu-
clidean open sets $V(g\lceil J_{i})$ disjoint union
$\bigcup_{n\in\omega}V(c_{\eta};s_{n})\cup\bigcup_{i\in\omega}V(grJ_{i})$
$V(t\cdot\gamma g$ $t$ 1 $0$ V(
$J$ contract $J$ 1 contract $V$ (bl
contractible in itself o
Property 8. $(X, \tau(ctbl))$ locally contractible
Contractible set simply connected Property 5




$(\star\star)$ $D\langle g\rangle$ finite
$g$ $G(ffi)$ $\tau(ffi)$
$D\langle g)$ 1 $S$ $x$
neighborhood base
$V(g)=V(x;g(x))\cup V(g[J_{0})\cup V(grJ_{1})$
($g$ continuous on $J\backslash \{x\}=J_{0}\cup J_{1}$ $V(x;g(x)),$ $V(g(J_{0}),$ $V(grJ_{1})$
disjoint) $\tau$ (ctbl) $\tau$ (ffi)
regular, Lindel\"of, stratifiable locally contractible $V(g)$
countable subset 3 components
Property 8 $V(g\gamma$ countable subset $\{c_{\eta}:n\in\omega\}$
$\tau$(fn)
$\tau$(ctbl) $\tau$ (ctbl) $\tau(ffi)$
$g$ first countable $\grave$ $g$
first countable
$x\in S$ $0<\epsilon\leq 1$ $x$ open arc $\epsilon$
$J_{x,\epsilon}$ $J_{x,\epsilon}\backslash \{x\}$ ceiling ffinction $x$ 1
$J_{x,\epsilon}$ $h_{x,\epsilon}$
$V(t\cdot h_{x,\epsilon})$ for $x\in S,$ $0<t,$ $\epsilon\leq 1$
$S$ neighborhoods $\tau(N)$
$t=\epsilon=1/n(n=1,2\cdots)$ neighborhood base
$(X, \tau(N))$ first countable regular, Lindel\"of,
stratifiable First countable, stratifiable space
Nagata space $N$ $\tau(N)$
$\tau$(ctbl) $\tau(ffi)$ Fr\’echet Property 2
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$\tau(N)$ Frechet first countable
Property 9. $(X, \tau(N))$ weight $c$ metric space
closed image
Proof. - -Stone (cf. 4.4.17 in [3]) metric space
closed image first countable
metrizable metric space closed image
$\tau(N)$ metrizable
$\tau(N)$ metrizable $Lindel-f$
second countable $(X, \tau(N))$
weight $c$
$c$ base $S$
$V( \frac{1}{n}\cdot h_{x,1/n})$ (cf. 1.1.15 in [3])
$T\subset S$ , $|T|<c$ $V( \frac{1}{n}\cdot h_{x,1/n})$ $(n\in\omega, x\in T)$ $S$
open base $S\backslash T$ $z$
open base $z$ neighborhood $V(h_{z,1})$
$z \in V(\frac{1}{m}\cdot h_{y,1/m})\subset V(h_{z,1})$ $m\in\omega$ , $y\in T$
$V( \frac{1}{m}\cdot h_{y,1/m})\subset V(h_{z,1})$ non-Euclidean point $z$ (
) non-Euclidean point
non-Euclidean point $y$ $z=y$ $z\in T$
$z$
8. CONCLUDING REMARKS.
4 $\tau,$ $\tau(ctble),$ $\tau(ffi),$ $\tau(N)$
$\tau_{\rho}$ $\tau_{d}$
$\tau_{\rho}\supset\tau\supset\tau(ctble)\supset\tau(ffi)\supset\tau(N)\supset\tau_{d}$
inclusion $\supset$ proper $\supseteq$
4 generalized metric regular Lin-
del\"o $f$, strat $i$ $able$ “metrizable ” $r_{met-}$
$ric$ space closed image “metrizable
” $\tau(ctble),$ $\tau(ffi),$ $\tau(N)$
locally contractible $\tau(N)$ first countable
$D$
$S$
$S$ 2 $\alpha,$ $\beta$ ( ) $L(\alpha, \beta)$
$\alpha,$
$\beta$ closed arc $L[\alpha, \beta]$ $S$
closed arc 4
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FIG. 4. Ideal polyhedron with S.
$P$ (ideal
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